In this article, we investigate association schemes S (on finite sets) in which each element s satisfies ss * s = {s}. It is shown that these schemes are schurian if the partially ordered set of the intersections of the closed subsets s * s of S with s ∈ S is distributive. (A scheme is said to be schurian if it arises (in a well-understood way) from a transitive permutation group.) It is also shown that, if these schemes are schurian, the transitive permutation group from which they arise have subnormal onepoint stabilizers. As a consequence of the first result one obtains that schemes are schurian if their thin residue is thin and has a distributive normal closed subset lattice (normal subgroup lattice). This implies, for instance, that schemes are schurian if their thin residue is a cyclic group.
Let s be an element in S satisfying ss * s = {s}. Then s * ss * s = s * s. Thus, by [ If we say that the set P of the intersections of the closed subsets s * s of S with s ∈ S is distributive, we mean that
for any three elements T , U , and V in P. 2 Scheme elements s are called thin if s * s contains only one element, and subsets of schemes which consist of thin elements only are called thin, too. The uniquely determined smallest closed subset of a scheme S whose quotient is thin is called the thin residue and is denoted by O ϑ (S). 3 In [3, Corollary 2.4(iii)] it was shown that schemes S satisfy the main condition of the above theorem (namely that ss * s = {s} for each element s of S) if the thin residue O ϑ (S) of S is thin. Furthermore, in these schemes, the sets s * s with s ∈ S are normal closed subsets of O ϑ (S); cf. [3, Lemma 5.1]. 4 Thus, the first part of the above theorem has the following consequence.
Corollary. Let S be a scheme on a finite set, assume that O ϑ (S) is thin and that the lattice of all normal closed subsets of O ϑ (S) is distributive. Then S is schurian.
There is a straightforward way to identify thin schemes with finite groups; cf., e.g., [7, Theorem 5.5.1]. This identification identifies closed subsets with subgroups and normal closed subsets with normal subgroups. Thus, the corollary says that schemes are schurian if their thin residues are finite groups and have a distributive normal subgroup lattice.
Finite cyclic groups as well as direct products of finite non-abelian simple groups have distributive normal subgroup lattices. Finite groups with distributive normal subgroup lattices have been characterized in general. In [5] , Pazderski showed that, for each finite group G, the following four conditions are equivalent. That schemes are not necessarily schurian if their thin residue is a commutative group (and not cyclic) is due to a well-known non-schurian scheme on a set of 28 elements the thin residue of which is an elementary abelian group of order 4.
The is a very specific distributive normal subgroup lattice. The above theorem is part of a program the focus of which is on sufficient conditions for schemes to be schurian. The exchange condition for association schemes is such a condition and leads to a theorem from which one obtains Tits' reduction theorem [6, Theorem 4.1.2] on buildings of spherical type; cf. [8, Corollary] . A condition of completely different type was given in [4, Theorem] and characterizes scheme theoretically the finite groups which contain involutions which are weakly closed in their centralizers; cf. [1, Theorem 1].
Preliminaries
Let X be a finite set. We write 1 X to denote the set of all pairs (x, x) with x ∈ X . For each subset r of the cartesian product X × X , we define r * to be the set of all pairs (y, z) with (z, y) ∈ r. Whenever x stands for an element in X and r for a subset of X × X , we define xr to be the set of all elements y in X such that (x, y) ∈ r.
Let S be a partition of X × X with 1 X ∈ S, and assume that, for each element s in S, s * ∈ S. The set S is called an association scheme or simply a scheme on X if, for any three elements p, q, and r in S, there exists an integer a pqr such that, for any two elements y in X and z in yr, |yp ∩ zq * | = a pqr .
For the remainder of this section, the letter X stands for a finite set, the letter S for a scheme on X .
Let P and Q be nonempty subsets of S. We define P Q to be the set of all elements s in S such that there exist elements p in P and q in Q with a pqs = 0. The set P Q is called the complex product 
and let x, y, z be elements in X with x ∈ zT , y ∈ xU , and z ∈ yV . Then
is not empty.
Proof. We are assuming that z ∈ yV and that y ∈ xU . Thus, z ∈ xU V . It follows that U V possesses an element t with z ∈ xt.
On the other hand, we are assuming that x ∈ zT . Thus, z ∈ xT . Thus, as z ∈ xt, t ∈ T . It follows that
From y ∈ xU we obtain x ∈ yU . Thus, as w ∈ x(T ∩ U ), w ∈ yU . On the other hand, we have w ∈ z(T ∩ V ) and z ∈ yV . Thus, w ∈ yV . From w ∈ yU and w ∈ yV we finally obtain w ∈ y(U ∩ V ). 2
Faithful maps and faithful elements
Let X be a finite set, let S be a scheme on X , and let W be a nonempty subset of X .
A map χ from W to X is called faithful if zχ ∈ yχ s for any three elements y, z in W and s in S with z ∈ ys.
Let V be a nonempty subset of W , and let χ be a faithful map from V to X . We say that χ extends faithfully to W if there exists a faithful mapχ from W to X withχ | V = χ . Let x be an element in X . For each element w in W , we denote by s w the uniquely determined element in S satisfying x ∈ ws w . The element x will be called faithful to W if, for each faithful map χ from W to X , the intersection of the sets wχ s w with w ∈ W is not empty.
Lemma 2. Let X be a finite set, let S be a scheme on X , let W be a nonempty subset of X , and let x be an element in X . Then x is faithful to W if and only if each faithful map χ from W to X extends faithfully to
Proof. For each element w in W , we define s w to be the uniquely determined element in S satisfying x ∈ ws w .
Assume first that x is faithful to W , and let χ be a faithful map from W to X . We have to show that χ extends faithfully to W ∪ {x}.
Since x is assumed to be faithful to W , we find an element in the intersection of the sets wχ s w with w ∈ W . We fix one of the elements in this intersection and call it xχ . For each element w in W , we set wχ := wχ . Then we have xχ ∈ wχ s w for each element w in W . It follows thatχ is a faithful map from W ∪ {x} to X .
Assume that each faithful map χ from W to X extends faithfully to W ∪{x}, and let χ be a faithful map from W to X . Then there exists a faithful mapχ from W ∪ {x} to X withχ | W = χ . Thus, we have xχ ∈ wχ s w = wχ s w for each element w in W . Thus, xχ is contained in the intersection of the sets wχ s w with w ∈ W . 2 Let G be a finite group, and let H be a subgroup of G. For each element g in G, we define g H to be the set of all pairs (eH, f H) with e ∈ G and f ∈ eH g H. Setting
Let X and X be sets, let S be a scheme on X , and let S be a scheme on X . A bijective map χ from X to X is called an isomorphism from S to S if there exists a bijective map σ from S to S such that (xs)χ ⊆ (xχ ) (sσ ) for any two elements x in X and s in S. The map σ is called the bijection associated with χ .
Two schemes S and S are called isomorphic if there exists an isomorphism from S to S . If two schemes S and S are isomorphic, we indicate that by writing S ∼ = S .
A scheme is called schurian if it is isomorphic to G//H for some group G and some subgroup H of G.
An isomorphism χ from a scheme S to itself is called an automorphism of S if the bijection associated with χ is the identity.
Note that an automorphism of S is the same as a faithful map from X to X . Proof. Let y and y be elements in X , let s be an element in S, let z be an element in ys, and let z be elements in y s. Define yχ := y and zχ := z . Then χ is a faithful map from {y, z} to X .
Among the subsets of X containing y and z to which χ extends faithfully we chose W maximal, and we assume that W = X .
Since χ extends faithfully to W , there exists a faithful mapχ from W to X withχ | {y,z} = χ . Let
x be an element in X \ W . Then, as x is assumed to be faithful to W ,χ extends faithfully to W ∪ {x};
cf. Lemma 2. This contradicts the (maximal) choice of W .
Thus, W = X . In particular, χ extends faithfully to W . This means that S possesses an automorphism which maps y to y and z to z . Now the claim follows from Lemma 3. 2
Proof of the theorem
The following lemma is the key to the proof of the first part of our theorem. we may assume that x is faithful to U and to V .
Since χ is a faithful map from W to X , χ | U is a faithful map from U to X . Thus, as x is faithful to U , the intersection of the sets wχ s w with w ∈ U is not empty. We fix an element in this intersection and call it y. Similarly, the intersection of the sets wχ s w with w ∈ V is not empty, and we fix an element z in this intersection.
For the remainder of this proof, we set T s := s * s for each element s in S. Note that sT s = {s} by hypothesis and that T s is closed for each element s in S.
For each element w in U ∩ V , we have y ∈ wχ s w and z ∈ wχ s w . From y ∈ wχ s w we obtain wχ ∈ ys * w . Thus, z ∈ ys * w s w = yT s w for each element w in U ∩ V . Thus, defining T to be the intersection of the closed subsets T s w with w ∈ U ∩ V , we have z ∈ yT .
Since 
